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AbstractThe parallelization of computa-
tional intensive programs can lead to dramatic
performance improvements. Usually these pro-
grams contain repetitive iterations, the major-
ity in the form of nested DO(FOR) loops.
The iterations within a loop nest fall into two
types: independent iterations and precedence con-
strained iterations. Furthermore, the precedence
constraints can be uniform (constant) or non-
uniform throughout the execution of the pro-
gram. The index space of a uniform dependence
loop, due to the existence of dependence vectors,
zThis work was partially supported by the PROTAGO-
RAS project of NTUA.
is partitioned into subspaces of points that can be
executed at a certain time instance. The geomet-
ric representations of these sets form polygonal
shapes called wavefronts or hyperplanes, with
special attributes and characteristics. In this pa-
per we tackle the uniform precedence constraints
case, and we present a novel scheduling tech-
nique for perfectly nested loops. Our technique
is suitable for the two most common network
architectures: homogeneous and heterogeneous
systems, regardless of their underlying intercon-
nection network. The presented method exploits
the geometric properties of the index space in
order to arrive at an efcient geometric decom-position. This approach signicantly reduces the
communication cost, which in most cases is the
main drawback of the parallel performance.
Keywords: nested loops, wavefront paral-
lelism, computational geometry, homogeneous
systems, heterogeneous systems.
I. INTRODUCTION
General multiprocessor scheduling with
precedence constrains was proved to be
NP-complete [1], even when the number
of available processors is unbounded [2].
Therefore, many heuristic algorithms have
been proposed, such as [3][4][5][6] for task
duplication-based scheduling, [7][8][9][10][11]
for bounded number of processors. However,
in our case things are simpler, as the index
space is characterized by regularity due to the
presence of uniform dependence vectors. The
majority of the scheduling loops use linear
transformations, while they do not consider
communication costs.
When parallelizing nested loops, the follow-
ing tasks need to be performed: (1) detection of
the inherent parallelism and application of pro-
gram transformations that enable it; (2) com-
putation scheduling (specifying when the dif-
ferent computations are performed); (3) com-
putation mapping (specifying where the differ-
ent computations are performed); (4) explic-
itly managing the memory and communication
(this is an additional task for distributed mem-
ory systems); and (5) generating the code so
that each processor will execute its apportioned
computation and communication explicitly. In
this paper we focus on the rst three tasks:
parallelism detection, computation scheduling
and computation mapping. We achieve these
via the use of a novel and efcient scheme
we call adaptive cyclic scheduling for data
exchange between processors.
This work is a continuation of [12] and [13].
The rst gives a nearly optimal solution to
the scheduling problem with communication
cost, and attains a makespan of constant delay
from the earliest possible. In the latter, the
index space of the nested loops is replicated
with patterns of independent points, and a
new index space is obtained by mapping ev-
ery such pattern into a iteration point of the
new index space; the scheduling is performed
along hyperplanes of the new index space,
in a round-robin fashion among the available
processors. Additionally, in this paper the cost
for communication is accounted for and an
efcient solution is given for the two mostcommon network architectures: homogeneous
and heterogeneous systems.
Several wavefront scheduling methods are
presented and compared in [14]. In this paper
we combine the methods in [12]&[13] with the
static cyclic scheduling of [14], thus presenting
what we call adaptive cyclic scheduling, which
is an improvement with respect to [13] and [14]
in that it enhances the data locality utilizing
methods from computational geometry, in or-
der to take advantage of the regularity of the
index space. In particular, groups of iteration
points called chains are identied, designating
points connected via a specic dependence
vector, called communication vector dc (see
[15]). Subsequently, such chains are mapped to
the same processor to enhance the data locality.
It is a well-known fact that the communica-
tion overhead most of the time determines the
quality and efciency of the parallel code. The
fundamental idea behind our algorithm is that
regardless of the underlying interconnection
network (FastEthernet, GigabitEthernet, SCI,
Myrinet) or the number of processors within a
node (single processor nodes or SMP systems),
or the system being homogeneous or heteroge-
neous, reducing the communication cost will
always result in enhanced performance. Given
two scheduling policies that use the same
number of processors, the one that requires
less data exchange between the processors will
almost certainly outperform the other. In this
paper we propose that chunks assigned to each
processors be chosen so as to ensure data
locality and reduced communication. Actually,
using the geometric notion of chains and taking
advantage of the regularity of the index space,
can be easily achieved by simply following the
ow of dependence vectors.
II. DEFINITIONS AND NOTATIONS
The index space J of an n-dimensional
uniform dependence loop is a n-dimensional
subspace of Nn. Due to the existence of de-
pendence vectors, only a specic set of points
can be executed at every moment [16], [15]
(those points which depend on values already
computed). These are called hyperplanes or
wavefronts, and all points belonging to the
same hyperplane can be executed in parallel. J
is partitioned into disjoint time subsets called
regions and denoted Rk, k  0, such that Rk
(the region k) contains the points whose earli-
est computation time is k, i.e. the area between
hyperplanes k and k + 1 as well as points
of hyperplane k. By denition, R0 denotesthe boundary (pre-computed) points. Further,
using computational geometry the index space
is partitioned into cones, and an optimal hy-
perplane is determined using the QuickHull
algorithm [17] from the hyperplane of every
cone, to best exploit the available parallelism.
The cone is the convex subspace formed from
q vectors d1;:::;dq 2 Nn and is denoted
Con(d1;:::;dq). Formally it is dened as:
Con(d1;:::;dq) = fj 2 Nn j j = 1d1 +
::: + qdq; where 1;:::;q  0g. We con-
sider two types of cones: the non-trivial cones
(the ones dened exclusively by dependence
vectors), or just cones, and the trivial cones
(cones dened by dependence vectors and at
least one unitary axis vector). Fig. 1 depicts
these denitions.
Note that only certain dependence vectors
contribute to the formation of every hyper-
plane in each cone. These vectors are called
cone vectors. Partitioning the index space into
regions is benecial for the time scheduling.
However it is not sufcient for an efcient
space scheduling, because it does not address
the data locality issue. Therefore, an additional
decomposition of the index space is necessary
to enhance the data locality [18][19]. Usually,
there are certain sequences of points computed
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Fig. 1. The index space of an example algorithm
with 5 dependence vectors d1 = (1;7), d2 =
(2;4), d3 = (3;2), d4 = (4;4) and d5 = (6;1).
Except d4, all other vectors belong to cone vector
sequence: CV = hd1;d2;d3;d5i. The 5 cones
that formed are colored respectively and the rst 3
regions of all cones are shown. The communication
vector in this example is dc = d3.
by the same processor. Each such sequence can
be viewed as a chain of computations, created
by a certain dependence vector, as shown in
Fig. 1. This dependence vector is called com-
munication vector, noted dc, and is usually
chosen to be the dependence (cone) vector that
incurs the largest amount of communication
(usually the vector with the smallest coor-
dinates). The goal of this scheduling scheme
is to eliminate the communication cost due todc, thus, attributing the communication cost of
the loop nest to the remaining m dependence
vectors: d1;:::;dm.
The communication vector dc denes the
following family of lines in n-dimensional
space: j = p+dc, where p 2 Nn and  2 R.
In this way, every index point belongs to one
such line. Thus, by dening the chain Cr with
offset r to be fj 2 J j j = r + dc, for
some  2 Rg, we partition the index space
J into a set C of such chains. The offset r
is chosen so as to have at least one of its
coordinates equal to 0, in other words r is
a pre-computed point. jCrj and jCj are the
cardinalities of Cr and C, respectively, and CM
is the cardinality of a maximal chainy of C. The
points of Cr communicate via di (i designating
every dependence vector except dc) with the
points of Cr0.
Let Din
r be the volume of the incoming
data for Cr, that is the number of index points
on which the points of Cr depend on. Similarly,
Dout
r is the volume of the outgoing data for
Cr, that is the number of index points which
In this paper n is the dimension of the index space
and m the number of dependence vectors, excluding dc.
yGenerally, in an index space there are many many
maximal chains.
depend on the points of Cr. The total commu-
nication associated with Cr is Din
r + Dout
r . In
the rest, NP denotes the number of available
processors.
III. ADAPTIVE CYCLIC SCHEDULING
The adaptive cyclic scheduling (ACS) algo-
rithm is designed to enhance the data locality
of programs containing uniform nested loops
using the concept of chains, while taking ad-
vantage of the hyperplane scheduling method
in [12]. By mapping all points of a chain Cr to
a single processor, communication incurred by
dc is completely eliminated. Furthermore, as-
suming that Cr sends data to Cr1;:::;Crm due
to dependence vectors d1;:::;dm, by mapping
Cr and Cr1;:::;Crm to the same processor
the communication incurred by d1;:::;dm
is also eliminated. Similarly, the chains from
which Cr receives data, Cr0
1;:::;Cr0
m, can
also be mapped to the same processor, hence
further increasing the overall performance of
the parallel program. Usually, it will not be
possible to map all these chains to the same
processor; yet the important thing is the fol-
lowing: when assigning a new chain to the
processor that executed Cr, systematically pick
one of Cr1;:::;Crm;Cr0
1;:::;Cr0
m instead ofchoosing in a random or arbitrary manner. This
strategy is guaranteed to reduce the communi-
cation cost. Depending on the type of the nal
system's architecture, the chains are assigned
to processors as follows: for homogeneous
systems  in a load balanced fashion, whereas
for heterogeneous systems  they are assigned
according to the available computational power
of every processor. In both cases, the Master-
Slave model is used.
The ACS Algorithm
INPUT: An n-dimensional nested loop, with terminal
point U.
Master:
(1) Determine the cone vectors.
(2) Compute cones.
(3) Use QHull to nd the optimal hyperplane.
(4) Choose the dc.
(5) Form and count the chains.
(6) Compute relative offsets between C(0;0) and the m
dependence vector.
(7) Divide NP so as to cover most successfully the
relative offsets below as well as above dc. If no
dependence vector exists below (or above) dc, then
choose the closest offset to NP.
(8) Assign chains to slave in cyclic fashion.
Slave:
(1) Send request for work to master.
(2) Wait for reply; Store all chains and sort the points
by the region they belong to.
(3) Compute points region by region, and along the
optimal hyperplane. Communicate only when needed
points are not locally computed.
OUTPUT:
(Slave) When no more point in the memory, notify the
master and terminate.
(Master) If all slaves sent notication, collect results and
terminate.
A. ACS for Homogeneous Systems
Consider a homogeneous system of 5 slaves and
one master, and the example in Fig. 2. The points of
C(0;0) send data to the points of C(0;0) + d1 = C(0;2),
C(0;0)+d3 = C(3;0). By mapping all these chains to the
same slave, say S1, one can see that the data locality
is greatly enhanced. The relative offsets are: r = 3
(below d2) and r = 2 (above d2). However the system
has 5 slaves and it must cyclicly assign them chains,
so as to cover most successfully the relative offsets. In
particular, the 5 slaves are divided as follows: slaves
S1,S2,S3 get cyclicly assigned chains below dc, thus
eliminating communication along d3, whereas the other
2 slaves (S4 and S5) are cyclicly assigned chains above
dc, eliminating communication along d1 as well. This
way all slaves are used in the most efcient way.
B. ACS for Heterogeneous Systems
When dealing with heterogeneous systems, one must
take into account the available computing power and the
actual load of the slave making the request to the master.
It is assumed that every process running on the slave
takes an equal share of its computing resources. The
actual virtual power (ACPi) of a slave i is computed
by dividing its virtual (V CPi) computing power by the
number of processes running in its queue (Qi). The total
available computing power of the system (ACP) is the￿
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Fig. 2. Example with 3 dependence vectors d1 =
(1;3), d2 = (2;2), d3 = (4;1). The communication
vector is dc = d2. System with 5 slaves and 1
master.
sum the actual computing power of every slave. ACPi
is communicated to the master when slave i makes a
request for work. In this case, the master will assign
chains to slave i according to the ratio ACP=ACPi. For
instance, consider a heterogeneous system with 5 slaves
and the example in Fig. 2. Suppose slave S3 has less
computational powers than the other slaves. Therefore it
gets assigned only 4 chains, whereas the slaves S1, S2,
S4 and S5 get assigned 5 chains each. Of course, this
is an oversimplied example; in a larger heterogeneous
system, and for bigger problems, the ACS algorithm
would assign chains to slaves accurately reecting the
effect of the different ACPi of every slave.
IV. CONCLUSIONS
The adaptive cyclic scheduling described here has
some similarities with the static cyclic and static block
scheduling methods described in [14]. The similarities
are: the assignment of iterations to a processor is de-
termined a priori and remains xed  yielding reduced
scheduling overhead; they require explicit synchroniza-
tion between dependent chains or tiles. However, the three
scheduling methods are in the same time different, and the
main differences are: iterations within a chain are inde-
pendent, while within a tile they are not (this promotes the
adaptability of our scheduling to different architectures,
as mentioned above); our method signicantly enhances
the data locality, hence performs best when compared to
the static cyclic and block methods. Our methodology can
be easily augmented to automatically generate the appro-
priate SPMD parallel code, and we are currently working
towards this goal. Preliminary experimental results show
that the presented method outperforms other scheduling
techniques and corroborate the efciency of the adaptive
scheduling.
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